A non-linear coupled-mode system of horizontal equations has been derived with the aid of Luke's (1967) variational principle, modelling the evolution of nonlinear water waves in intermediate depth and over a general bathymetry Athanassoulis & Belibassakis (2002 . Following previous work by the authors in the case of linearised water waves (Athanassoulis & Belibassakis 1999), the vertical structure of the wave field is exactly represented by means of a local-mode series expansion of the wave potential. This series contains the usual propagating and evanescent modes, plus two additional modes, the free-surface mode and the sloping-bottom mode, enabling to consistently treat the non-vertical end-conditions at the free-surface and the bottom boundaries. The coupled-mode system fully accounts for the effects of non-linearity and dispersion. The main feature of this approach that a small number of modes (of the order of 5-6) are enough for the precise numerical solution, provided that the two new modes (the free-surface and the sloping-bottom ones) are included in the local-mode series. The consistent coupled-mode system has been applied to numerical investigation of families of steady nonlinear travelling wave solutions in constant depth (Athanassoulis & Belibassakis 2007) showing good agreement with known solutions both in the Stokes and the cnoidal wave regimes. In the present work we focus on the hydroelastic analysis of floating bodies lying over variable bathymetry regions, with application to the non-linear scattering of water waves by large floating structures (of VLFS type or ice sheets) characterised by variable thickness (draft), flexural rigidity and mass distributions, modelled as thin plates of variable thickness, extending previous approaches (see, e.g. Numerical examples are presented, showing that useful results can be obtained for the analysis of large floating elastic bodies or structures very efficiently by keeping only a few terms in the expansion. Ideas for extending our approach to 3D are also discussed.
INTRODUCTION
The effect of water waves on floating deformable bodies is an interesting problem finding important applications. Very Large Floating Structures and platforms of shallow draft are examples of structures for which hydroelastic effects are significant. Such structures have been intensively studied, being under consideration for use as floating airports and mobile offshore bases (Kashiwagi, 2000, and Watanabe et al 2004) . Another example concerns the interaction of waves with thin sheets of sea ice, which is particularly important in the Marginal Ice Zone in the Antarctic, a region consisting of loose or packed ice floes situated between the ocean and the shore sea ice (see Porter & Porter 2004) . As the ice sheets support flexuralgravity waves, the energy carried by the ocean waves is capable of propagating far into the MIZ, contributing to break and melting of ice glaciers (Squire et al. 1995) and accelerating global warming effects and rise in sea water level.
Taking into account that the horizontal dimensions of the large floating body are much greater than the vertical one, thin-plate (Kirchhoff) theory (see, e.g., Graff 1975) is commonly used to model this situation. Also, although non-linear effects are of specific importance (see, e.g. Faltinsen 2001) , still the solution of the linearised problem provides valuable information, serving also as the basis for the development of weakly nonlinear models. The linearised hydroelastic problem is effectively treated in the frequency domain, and many methods have been developed for its solution. These include hydroelastic eigenfunction expansion techniques (Kim & Ertekin 1998 , Takagi et al 2000 , Hong et al 2003 , Boundary Element Methods (Ertekin & Kim, 1999 , Hermans, 2000 , B-spline Galerkin method (Kashiwagi 1998) , integro-differential equations (Adrianov & Hermans, 2003) , Wiener-Hopf techniques, (Tkacheva, 2001 ), Green-Naghdi models (Kim & Ertekin, 2002) , and others. Moreover, Meylan (2001) derived a variational equation for the plate-water system by expressing the water motion as an operator equation. In addition to the above, high-frequency asymptotic methods have been developed to describe the deflection dynamics of VLFS, see, e.g., Ohkusu & Namba (1996) , Hermans (2003) . The latter are especially useful in the case of short waves interacting with a floating structure of large horizontal dimensions. In the case of hydroelastic behaviour of large floating bodies in general bathymetry, a new coupled-mode system has been derived and examined by the authors (Belibassakis & Athanassoulis 2005) based on local vertical expansion of the wave potential in terms of hydroelastic eigenmodes, extending previous similar approach for the propagation of water waves in variable bathymetry regions (Athanassoulis & Belibassakis 1999) . A similar approach based on multi-mode expansion has been presented by Bennets et al (2007) , with application to wave scattering by ice sheets of varying thickness.
In the present work we focus on the hydroelastic analysis of floating bodies lying over variable bathymetry regions in the time-domain, with application to the non-linear scattering of water waves by large floating structures (of VLFS type or ice sheets) characterised by variable thickness (draft), flexural rigidity and mass distributions, modelled as thin plates of variable thickness; see Fig.1 . The present development is based on a variational principle, consisting of Luke's (1967) functional based on integration of pressure, which models the evolution of nonlinear water waves in intermediate depth and over a general bathymetry, in conjunction with the standard functional used in the analysis of plate vibrations in vacuo, defined as the difference between plate strain and kinetic energy, Timoshenko & Woinowsky-Krieger (1959) . In order to consistently treat the wave field beneath the elastic floating body, a complete, local-mode series expansion of the wave field is used, enhanced by appropriate sloping-bottom and upper-surface modes. The latter enable the consistent satisfaction of the Neumann boundary condition on a general bottom topography, as well as the conditions on the free surface and on the elastic plate surface.
Following the same procedure as in Athanassoulis & Belibassakis (2002 in the case of nonlinear water-wave propagating over general bottom topography, an equivalent Coupled-Mode System (CMS) of horizontal equations is derived by intoducing the local-mode series expansion into the variational principle. The present CMS describes the time evolution of the modal amplitudes, the free-surface elevation and the plate deflection, accounting for the effects of wave non-linearity and dispersion. Boundary conditions are also provided by the variational principle, ensuring that the edges of the plate are free of moment and shear force. In order to investigate the scattering effects of a large floating elastic structure in variable bathymetry regions, we examine comparatively cases of waves interacting with a floating elastic plate of uniform and variable flexural rigidity and mass distribution over flat bottom and sloping bottom profile. Numerical results are presented, showing that useful results can be obtained for the analysis of large floating elastic bodies or structures very efficiently by keeping only a few terms in the expansion. The extension of the present approach to 3D is also discussed. 
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are called the propagating ( 0 0 Z ϕ ) and the evanescent
represents the upper-surface mode ( 2 2 Z ϕ − − ) and 
A detailed proof about the above expansion can be found in Belibassakis & Athanassoulis (2006) . This infinite set, containing both hyperbolic and trigonometric functions, dependent both on the local depth Stokes waves of period T=2s, 4s, 6s, 8s, in constant depth strip h=6m, using (a) only the propagating and evanescent modes, and (b) also the additional modes. It is clearly seen that for the same truncation error, e.g., 10
-3 , in the first case, 12 modes need to be retained in the expansion (red line), while in the second case the same result is obtained by using only the first 4 modes (blue line).
However, the boundary conditions satisfied by the infinite part ( 0 n ≥ ) of local vertical eigenfunctions are not compatible with the boundary conditions of the problem. In order to overcome the mild-slope bottom approximation and to consistently satisfy the bottom and the upper-surface boundary conditions (either on the free-surface or on the elastic plate surface), the present set has been enhanced by including the two additional modes
The latter are the additional degrees of freedom enabling the consistent satisfaction of the upper-surface and the sloping-bottom boundary conditions, respectively. The idea of the sloping-bottom mode has been first presented by Athanassoulis & Belibassakis (1999) 
VARIATIONAL FORMULATION
Under the assumptions of incompressibility and irrotationality, the non-linear problem of evolution of water waves propagating over a variable bathymetry region admits both Hamiltonian-type formulations, constrained on the below-thesurface kinematics, Zakharov (1968) , and unconstrained variational formulations, as e.g., the one proposed by Luke (1967) . In the latter the admissible fields are free of essential conditions, except of smoothness and completeness (compatibility) requirements. The wave -elastic plate -seabed interaction problem admits also of similar variational formulations, both Hamiltonian (see, e.g., Marchenko & Shrira, 1991 , Nagata & Niizato, 2003 and unconstrained ones. In this work, we consider the following functional:
where χ is the characteristic function of the horizontal subdomain occupied by the floating body. In the above equaton, S denotes the elastic plate strain energy
is the horizontal gradient, and
is the corresponding kinetic energy (Timoshenko & Woinowsky-Krieger 1959) . Finally, P is the vertical integation of pressure in the liquid domain (both under the free-surface and under the floating elastic plate)
The parameter D denotes the flexural rigidity of the elastic plate (the equivalent flexural rigidity of the floating platform or the ice sheet), m denotes the mass per unit area of the plate, ρ denotes the homogeneous fluid density and g is the gravitational acceleration. In case of compact structure of thickness d and uniform density S ρ , the flexural rigidity is
, where E is the Young's modulus and ν the Poisson's ratio, and
For simplicity in the presentation, in this paper we shall restrict ourselves to the 2D problem, corresponding to normally incident waves over a parallel bottom contour; see Fig. 1 . However, all the analysis presented is straightforward generalised to 3D. In the simple 2D case, the liquid domain is a generally-shaped (non-uniform) strip, bounded below by the seabed 
where the first variation of 0, , ; 
Additional boundary conditions are also obtained from the above variational principle, imposing zero shear and moment at the free ends of the floating elastic plate (x=a and x=b). A more detailed description, in the case of homogeneous floating plate (constant D and m), can be found in Belibassakis & Athanassoulis (2006) .
THE HYDROELASTIC COUPLED-MODE SYSTEM
The main feature of the present problem is that the propagation space does not coincide with the physical space. While the latter is the whole liquid domain (an irregularly shaped horizontal strip), the former is only the horizontal direction(s). This fact, leads to the reformulation of the propagation problem as a non-local wave equation in the propagation (horizontal) space, with respect to the modal amplitudes n ϕ and the upper surface elevation η . The series expansion (1) permits us to obtain corresponding expansion of the variation δ Φ of the wave potential in terms of the variations n δ ϕ and δ η . Then, substituted in the variational equation (7), it can be shown that the examined hydrodynamic/hydroelastic problem in the variable bathymetry region reduces to the following nonlinear Coupled-Mode System, with respect to ( )
In the above equations, the matrix-coefficients 
is the wave potential on the upper-surface (z=η), and the nonlinear operator 
and (10c). The subsystem defined by the above Eqs. (10c,d) is equivalent to the Dirichlet-to-Neumann map (see, e.g., Kuznetsov et al 2002) , associated with the calculation of the wave potential and its derivatives in the whole domain, given the instantaneous distribution of the upper surface potential and elevation, and satisfying the bottom boundary condition.
Dispersion characteristics of the CMS
In the case of water waves propagating in constant depth (χ=0, dh/dx=0 and thus, 1 0 ϕ − = ), by linearising the CMS (9) and using Eq. (9b) to eliminate the free-surface elevation from Eq. (9a) we obtain: Recall that, in this case, the bottom is considered flat and thus, the sloping-bottom mode (mode -1) is zero by definition and needs not to be included. On the other hand, the inclusion of the additional free-surface mode (mode -2) in the local-mode series substantially improves its convergence to the exact result, for an extended range of wave frequencies, ranging from shallow to deep water-wave conditions. In the example shown in Fig. 3 using 5 terms (thick dashed line), the error is less than 1% for kh up to 10, and less than 5% for kh up to 16.
However, we note here that if mode 0 (propagating mode) is included in the modal series (which is suggested), the dispersion characteristics of the present approximation (even using only 1 term) matches the analytical curve at the point * k h (shown by dashed vertical arrow in Fig.3 ), where
Thus, by the appropriate choice of the numerical parameters 0 μ and 0 h , we are able to obtain a good approximation for kh lying in an interval around the point * k h , even using a small number of modes. Moreover, extensive numerical investigation of the effects of the numerical parameters 0 μ and 0 h on the dispersion characteristics of the present CMS has revealed that, if the number of modes retained in the local-mode series is equal or greater than 6, the results become practically independent (error less than 0.5%) from the specific choice for the values of the (numerical) parameters Quite similar results are obtained as concerns the vertical distribution of the wave potential and velocity. In concluding, a few modes (of the order of 5-6) are sufficient for modelling fully dispersive waves, at an extended range of frequencies, in a constant-depth strip. In the more general case of variable bathymetry regions, the enhancement of the local-mode series (1) by the inclusion of the sloping-bottom mode ( 1 n = − ) in the representation of the wave potential is of utmost importance, otherwise, the Neumann boundary condition (necessitating zero normal velocity) cannot be consistently satisfied on the sloping parts of the bottom. This requirement has been discussed in detail in Athanassoulis & Belibassakis (1999) and in Belibassakis et al (2001) , where it is also shown that the enhanced series exhibits an improved rate of decay of the modal amplitudes Working similarly, we examine the linearised coupled-mode system in constant depth, under the elastic floating plate of uniform characteristics (thickness, flexural rigidity, mass distributions), as defined by Eqs. (9) using χ=1,
where the coefficients mn α and mn γ are the same as before, and and
In this case, we seek simple harmonic solutions of the form Figure 4 . Dispersion characteristics of the present coupled mode system for waves in a constant-depth strip under a floating elastic plate, using the enhanced local-mode representation (1), and retaining 1 and 3 terms (dashed lines) and 5 terms (thick dashed line) terms. The analytical result is shown by using a solid line.
where β denotes the amplitude of the elastic-plate deflection. Using Eq. (13.b) to eliminate β through the mode amplitudes n f , and substituting to Eq. (13a), we eventually arrive at the following homogeneous system:
Nontrivial solutions of the system (15) are again obtained by requiring its determinant to vanish, which can be used for calculating the phase speed
C k h of the waves below the elastic plate and compare with the analytical result, which is ( )
where E k is the positive real root of the elastic-plate dispersion relation (Kim & Ertekin 1998 , Takagi et al 2000 , Andriavov & Hermans, 2003 : ,14) , and in the system (13). The results shown in Fig. 4 , for N=3 and 5, have been obtained by including the upper-surface mode ( 2 n = − ) in the local-mode series representation. We recall here that in the examined case (constant-depth strip) the bottom is flat, and thus, the sloping-bottom mode ( 1 n = − ) is zero (by definition) and needs not to be included. Once again, the fast convergence of the present method to the exact (analytical) solution is clearly illustrated. Also, in this case, extensive numerical evidence has revealed that, if the number of modes retained in the local-mode series is of the order 5-6, the results remain practically independent from the specific choice of the (numerical) parameters 0 μ and 0 h , and the dispersion curve
C k h agrees very well with the analytical one, for nondimensional wavenumbers in the interval 0 24
corresponding to an extended frequency band.
EFFECTS OF VARIABLE BOTTOM TOPOGRAPHY
The discrete version of the present CMS is obtained by truncating the local-mode series (1) to a finite number of terms (modes), and using second-order finite differences to approximate spatial derivatives. Also, a Runge-Kutta integrator appropriate for moderate stiff systems (ode23 in MATLAB®) has been used to integrate the system (10a,b) in time, modelling the evolution of the wave field. Discrete boundary conditions are obtained by using second-order forward and backward differences to approximate the horizontal derivatives.
As an example of application, numerical results are presented in Fig. 5 , concerning the propagation of harmonic waves of period T=15.7sec (ω=0.4rad/sec) and height H=0.25m over a shoal connecting two regions of constant but different depth: the left region of wave-incidence, where h 1 =15m, and the region of transmission (right half strip), where h 3 =5m. The average and maximum values of the slope of this bottom profile are 2% and 9.5 %, respectively. We examine the hydroelastic behaviour of a thin elastic plate floating over a smooth shoal, modelling a VLFS. The elastic plate is taken to extend from x=a=250m to x=b=750m, and thus, its width is 500m b a − = . The flexural rigidity parameter of the plate is δ=10 5 m 4 (per meter in the y-direction), and, for simplicity, the mass parameter is taken to be ε=0, which is a usual assumption concerning VLFS applications. In Fig.5 , the large-time form of the upper surface elevation is shown, with and without considering the effects of the floating elastic plate, as obtained by the present CMS. The frames, from top to the bottom show the calculated elevation, at equal time intervals within one period (T=15.7s). The free surface elevation is plotted by using thin solid lines and the elastic plate deflection by using thick solid lines, respectively. For comparison, the free-surface elevation at the same instances without considering the elastic plate (χ=0) is also plotted by using dashed lines.
Another example is presented in Fig.6 concerning interaction of waves of same as before period T=15.7sec (ω=0.4rad/sec) with floating ice sheet, characterised by modulus of elasticity E=5GPa, Poisson's ratio ν=0.3 and values of ice/water densities 923/1025 kg/m 3 (Squire et al 1995) . In this case, we consider ice sheets extending from x=a=0m to x=b=500m of (a) uniform thickness d=1m and (b) inhomogeneous one with variable thickness in 100m<x<400m; the specific form is given by Porter & Porter (2004, Eq. 5.22) . In the latter case the ice thickness varies from 1m at the ends of the domain to 3m in the middle part, as shown in the lower part of Fig.6 . Also, Figure 5 . Diffraction of incident harmonic waves by a floating elastic plate, with parameters L=500m, δ=10 5 m 4 , ε=0, lying over a smooth shoal, extending from x=250m to x=750m. The frames, from top to the bottom, show the large-time form of the upper surface elevation, as obtained by the present CMS using 5 terms, at equal time intervals within one period. Figure 6 . Elastic deflection of ice sheet of constant and variable thickness above flat bottom topography (h=10m) and smooth shoal, as obtained by the present CMS using 5 terms.
we consider the hydroelastic behaviour of ice sheet above a flat domain with depth h=10m (shown by thin solid line in Fig.6 ) and a smooth shoal, ranging from h 1 =12m in the region of incidence to h 3 =8m in the region of transmission. The average and maximum values of the slope of this bottom profile are 0.8% and 3.8 %, respectively. In the upper part of Fig.6 we plot the maximum amplitudes of sheet deflection normalised with respect to the incident wave amplitude. We clearly observe in this figure the effect of a shoal with such small sloping bottom on the elastic body motion, which could lead to an increase of the deflection of the order 10-15%, in comparison with a flat domain of the same average depth. Also, we observe the effect of horizontal variability of ice sheet flexural rigidity on the deflection, leading also to an increase of the max. deflection of the order 2-3%, appearing around the middle of the domain in the examined case. 
CONCLUSIONS
A non-linear CMS has been derived and examined for the hydroelastic analysis of floating bodies over variable bathymetry regions, with application to the non-linear scattering of water waves by large floating structures (VLFS or ice sheets) characterised by variable thickness (draft), flexural rigidity and mass distributions, modelled as thin plates. The theoretical value and practical effectiveness of the present CMS is that a small number of modes is found to be enough for numerical convergence, even in cases of very steep upper-surface elevation and for arbitrary depth. Extensive numerical evidence suggests that the rate of decay of the mode amplitudes is very fast and thus, truncation of the modal series to its first few terms (up to 5-6 modes) is found to be sufficient for an accurate numerical solution. Numerical examples are presented, showing that useful results can be obtained for the analysis of large floating elastic bodies or structures very efficiently by keeping only a few terms in the expansion. Finally, it is worth noticing here that the analytical structure of the present model facilitates its extension to fully 3D problems in a similar way as presented in Belibassakis et al (2001) .
The basic restriction of the present model comes from thin plate (Kirchhoff) theory, which is used to model the dynamic condition on the upper surface in contact with the floating elastic body. A drawback of thin plate theory is that it neglects shear deformation, although it retains shear forces in the equilibrium equations. A novel hydroelastic model is currently under examination and development by the authors, based on an enhanced representation of the elastic displacement field. This model takes into account the effects of shear modulus and the distribution of shear stresses in the plate cross-section, permitting vanishing shear strain and stress on both the upper and lower boundaries of the plate. The latter theory extends third-order plate models by Reddy and Bickford (see Wang, Reddy & Lee 2000) to plates and beams of general shape, and will be presented in a future work.
